Let X be a compact Kähler manifold of complex dimension n. Let G be a connected solvable subgroup of the automorphism group Aut(X), and let N (G) be the normal subgroup of G of elements of null entropy. One of the goals of this paper is to show that G/N (G) is a free abelian group of rank r(G) ≤ n − 1 and that the rank estimate is optimal. This gives an alternative proof of the conjecture of Tits type in [7] . In addition, we show some non-obvious implications on the structure of solvable automorphism groups of compact Kähler manifolds. Furthermore, we also show that if the rank r(G) of the quotient group G/N (G) is equal to n − 1 and the identity component Aut 0 (X) of Aut(X) is trivial, then N (G) is a finite set. The main strategy of this paper is to combine the method of Dinh and Sibony and the theorem of Birkhoff-Perron-Frobenius (or Lie-Kolchin type), and one argument of D.-Q. Zhang originated from the paper of Dinh and Sibony plays an important role.
Introduction and Main Results
Let X be a compact Kähler manifold. We denote by Aut(X) the biholomorphism group of X. The aim of this paper is to study the structure of the automorphism group Aut(X) of X. In fact, in [4] Dinh and Sibony have already given interesting results for abelian automorphism groups of compact Kähler manifolds. To describe our main theorem, we first need to set up some terminology. Let g be an automorphism of X. The spectral radius ρ(g) = ρ(g * | H 2 (X,C) ) of the action of g on the cohomology ring H * (X, C) is defined to be the maximum of the absolute values of eigenvalues on the C-linear extension of g * | H 2 (X,C) . It is obvious from the definition that ρ(g ±1 ) is always less than or equal to ρ(g ∓ ) n−1 (e.g., see [6] ). We call g of null entropy (resp. of positive entropy) if the spectral radius ρ(g) is equal to 1 (resp. > 1). It is known by the results of Gromov and Yomdin in [5] and [11] that ρ(g * | H 2 (X,C) ) = ρ(g * | H 1,1 (X,C) ).
We say that a subgroup G of automorphisms is of null entropy (resp. of positive entropy) if all nontrivial elements of G are of null entropy (resp. of positive entropy). With these said, Dinh and Sibony proved in [4] that if G is a abelian subgroup of Aut(X) and N (G) is the set of elements of zero entropy, then N (G) is a normal subgroup of G and G/N (G) is a free abelian group of rank ≤ n − 1. It is easy to see that any subgroup G of Aut(X) can be considered as a subgroup of GL(V, R), where V is the Dolbeault cohomology group H 1,1 (X, R).
We call a group virtually solvable if it has a solvable subgroup of finite index. Let V C be a finite dimensional vector space over C. A solvable subgroup G of GL(V C ) is called connected if its Zariski closureḠ in GL(V C ) is connected. It can be shown that given a virtually solvable subgroup G of GL(V C ), we can find a connected solvable, finite index subgroup G 1 of G. Moreover, it is easy to see that any subgroup of a solvable group G and any quotient group of G are solvable and that the closure of G is also solvable (see Section 2 of [7] ). For a subgroup of GL(V C ), Tits proved the following alternative theorem in [10] . Theorem 1.1 (Tits) . Let G be a subgroup of GL(V C ). Then G is either virtually solvable or contains a non-commutative free group Z * Z.
In view of the above Tits' alternative and Dinh-Sibony's theorem, it is natural to ask the following interesting conjecture which is called a conjecture of Tits type. Conjecture 1.2. Let X be a compact Kähler manifold of complex dimension n, and let G be a connected solvable subgroup of the automorphism group Aut(X). Let N (G) = {g ∈ G | g is of null entropy}.
Then G/N (G) is a free abelian group of rank ≤ n − 1.
It is clear that the rank estimate is optimal from the case X = E n , where E is an elliptic curve.
The aim of this paper is to give a proof of the conjecture of Tits type and show some more non-trivial results. Indeed, the conjecture has been proved by Keum, Oguiso, and Zhang in the paper [7] except for the rank estimate and then in full generality by Zhang in [12] . It seems to have been known that the Tits alternative modulo the rank estimate is true by a direct consequence of Tits theorem for linear groups and Lieberman's results on automorphism groups (see [2] ). In [7] , Keum, Oguiso, and Zhang also exhibited various examples such as complex tori, hyperkähler manifolds and minimal threefolds for which the full conjecture of Tits type holds.
The proof of Theorem 1.1 of this paper gives the sharp rank estimate as well as some non-obvious implications on the structure of solvable automorphism groups of compact Kähler manifolds. We like to emphasize that Theorem 1.3 (b)-(c) below are completely new. The main strategy of the proof comes from the paper [4] of Dinh and Sibony and the theorem of Birkhoff-Perron-Frobenius (or the theorem of Lie-Kolchin type in [7] ). Our first main result is Theorem 1.3. Let X be a compact Kähler manifold of complex dimension n, and let G be a connected solvable subgroup of the automorphism group Aut(X). Let N (G) = {g ∈ G | g is of null entropy}.
Then the following properties hold:
(a) G/N (G) is a free abelian group of rank r(G) ≤ n − 1. Furthermore, the rank estimate is optimal.
(b) Let h k be the real dimension of the cohomology group
In addition, if k divides n − 1, then the lower bound of (1.1) can be improved by one, i.e., h k ≥ n−1 k
(c) LetK be the closure of the Kähler cone K. Then there exist (r(G) + 1) many non-zero classes c 1 , . . . , c r(G)+1 inK such that
It is clear that this theorem is a generalization of the result of Dinh and Sibony for the abelian automorphisms with positive entropy to the solvable automorphisms. The proofs of Theorem 1.3 (a) and (b)-(c) will be given in Theorem 3.4 and Proposition 3.5 of Section 3, respectively.
In fact, in [4] Dinh and Sibony also proved that in case that G is abelian and the rank r(G) is equal to n − 1, N (G) is finite (Proposition 4.7 in [4] ). Let Aut 0 (X) denote the identity component of Aut(X) consisting of automorphisms homotopically equivalent to the identity. In a recent paper [13] , D.-Q. Zhang investigated the question of the finiteness of N (G) for solvable automorphism groups G, and proved that if r(G) = n − 1 = 2 and Aut 0 (X) is trivial, then N (G) is finite (Theorem 1.1 (3) in [13] ). In this paper, we also consider the question of the finiteness of N (G) for solvable automorphism groups G and, as a consequence of Theorem 1.1, significantly extend the result by Zhang which holds only for the complex dimension equal to 3. To be precise, our another main result of this paper which affirmatively answers to Question 2.18 in [12] is: Theorem 1.4. Let X be a compact Kähler manifold of complex dimension n, and let G be a connected solvable subgroup of the automorphism group Aut(X). Assume that the rank r(G) of the quotient group G/N (G) is equal to n − 1 and that Aut 0 (X) is trivial. Then N (G) is a finite set.
If G is further assumed to be abelian in Theorem 1.4, it was shown in [4] that, even without the triviality of Aut 0 (X), N (G) is finite (Proposition 2.2 in [8] ). However, it is known as in Example 4.5 of [4] that there is an abelian variety X of complex dimension n with an automorphism group G such that N (G) = Aut 0 (X) ∼ = X and the rank r(G) = n − 1.
We organize this paper as follows. In Section 2, we construct a homomorphism from the solvable subgroup of automorphisms to the abelian group R m . Here one of the key ingredients is the theorem of Birkhoff-PerronFrobenius in [1] (or Lie-Kolchin type in [7] ). In Section 3, we give a detailed proof of Theorem 1.3. Finally, we give a proof of Theorem 1.4 in Section 4.
Theorem of Birkhoff-Perron-Frobenius and its Applications
The goal of this section is to set up some preliminary results to prove the main Theorem 1.3. One of the key ingredients is the theorem of BirkhoffPerron-Frobenius in [1] (or more generally the theorem of Lie-Kolchin type established in [7] ). Let G be a solvable group and ρ : G → GL(V C ) be a complex linear representation of G. Let Z be the Zariski closure of ρ(G) in GL(V C ), and let Z 0 be the connected component of the identity in Z. Let G 0 = ρ −1 (Z 0 ). Then the group Z 0 is conjugate to a group of upper triangular matrices whose determinant is non-zero. Let N (G 0 ) be the subgroup of G 0 whose elements are defined by the statement that f is an element of N (G 0 ) if and only if all eigenvalues of f * on V C are equal to 1. Then N (G 0 ) is a normal subgroup of G 0 and the abelian group
We shall denote by G the group G 0 , from now on.
Then we have the following lemma whose proof is simple (e.g., see Lemma 2.5 in [7] ). Since G is solvable, there exists a derived series of G as follows.
where
Then A is an abelian subgroup of G, and clearly A is a subset of [G, G] . So all the eigenvalues of A are also equal to 1 by Lemma 2.1.
Recall that if C is a subset of a real vector space V , then C is said to be a strictly convex closed cone of V if C is closed in V , closed under addition and multiplication by a non-negative scalar, and contains no 1-dimensional linear space. We then will need the following theorem of Birkhoff-PerronFrobenius in [1] . Theorem 2.2. Let C be a nontrivial strictly convex closed cone of V with non-empty interior in V . Then any element g of GL(V ) such that g(C) ⊂ C has an eigenvector v g in C whose eigenvalue is the spectral radius of g in V .
In fact, if we make use of the subgroup A of [G, G] and Lemma 2.1, one can obtain a stronger version for connected solvable subgroups of GL(V ) as in [7] which is called the theorem of Lie-Kolchin type for a cone. It plays an important role in the present paper. For more precise statement of Theorem 2.3, see Theorem 2.1 in [7] . Theorem 2.3. Let V be an r-dimensional real vector space, and let C = {0} be a strictly convex closed cone of V . Let G be a connected solvable subgroup of GL(V ) such that G(C) ⊂ C. Then there is a nonzero vector v ∈ C\{0} which is invariant under G.
In this paper we shall apply the above discussion to a solvable subgroup G of Aut(X) acting on
Then, in particular, we easily see that all the eigenvalues of [G, G] are equal to 1 (i.e., every element of
it is also obvious that all the eigenvalues of every element of A are equal to 1 and so every element of A is of null entropy. In order to state and prove Corollary 2.4, we need to introduce more notations. Namely, when X is a compact connected Kähler manifold of complex dimension n as before, let K denote the Kähler cone in the Dolbeault cohomology group H 1,1 (X, R). So K is the cone of strictly positive smooth (1, 1)-forms in H 1,1 (X, R), and it is a strictly convex open cone in H 1,1 (X, R) whose closureK is also a strictly convex closed cone such that
With these understood, we can obtain the following easy corollary which will play an important role in Theorem 3.4. Proof. To prove it, we simply take C =K. Then it follows from Theorem 2.3 of Lie-Kolchin type (or Theorem 2.1 of [7] ) that there exists a common non-zero eigenvector c ∈ C =K for G. Hence we can write
So we are done.
To give a proof of Theorem 1.3, we need to set up some more terminology.
Definition 2.5. Let τ = (τ (f )) f ∈G ∈ R G , and let Γ τ be the cone of classes c inK such that f
Since V is finite dimensional, F must be finite. Let τ 1 , τ 2 , · · · , τ m be all the elements of a finite set F . If we define a map
then we can show the following lemma:
The integer m satisfies the inequality
(b) The map π is always a homomorphism into the abelian group (R m , +).
In particular, the image π(G) is also abelian.
Proof. For the proof of (a), note that, since
Thus f * 0 on V has at most m distinct eigenvalues. Hence m is less than or equal to the dimension of V that is h 1 .
For the proof of (b), it suffices to prove that π is a homomorphism. To do so, for c i ∈ Γ τ i note that
This implies that π(f • g) = π(f ) + π(g), so π is a group homomorphism. This completes the proof of Lemma 2.6.
3 Rank Estimate: Proof of Theorem 1.3
In this section we give a proof of Theorem 1.3. Indeed, the proof of this section is essentially an adaptation of the proof of the Principal Theorem by Dinh and Sibony in [4] . For the sake of reader's convenience, we shall show how to prove Theorem 1.3 relatively in detail. See [4] for more details. First we need some preliminary lemma from the paper of Dinh and Sibony in [4] . Assume that X is a compact Kähler manifold of dimension n, as before.
Lemma 3.1. Let c, c ′ , and c i be the non-zero classes inK, 1 ≤ i ≤ t ≤ n−2. Assume that for f ∈ Aut(X) there exist two different positive real constants λ and λ ′ such that
Assume also that c 1 ∧ · · · ∧ c t ∧ c = 0 and
Proof. This lemma has nothing to do with a solvable subgroup of automorphisms of X and will play an essential role in the proof of Lemma 3.2 and Theorem 3.4. See Lemma 4.3 of [4] .
As the proof of Theorem 3.4 below shows, if the rankr of the image of the homomorphism π is greater than or equal to n−1, it will be enough to use the homomorphism π in order to prove Theorem 1.3. However, it turns out that ifr is less than or equal to n − 2, we need some more homomorphisms from G to R other than τ i 's, in order to obtain an injective homomorphism from G/N (G). The following lemma provides such additional homomorphisms. Here we adapt a variation of some arguments originated from [4] (see also [12] ). (b) Assume thatr ≤ n − 2. Then there exist additional non-zero classes cr +j inK, not necessarily invariant under G, and homomorphisms
Proof. To prove (a), we assume without loss of generality that the firstr coordinates of the map π generates the image of the map π, and let us denote by τ 1 , · · · , τr suchr coordinates. Let c i be a non-zero class in Γ c i (1 ≤ i ≤r). Then for any I = {i 1 , · · · , i k } ⊂ {1, 2, · · · ,r}, let
Then it suffices to show that c I = 0 for any subset I of {1, 2, · · · ,r}. To show it, we let I = {1, 2, · · · , k} for simplicity. The case of k = 1 is trivial. So suppose that
If we apply Lemma 3.1 for t = k − 2, c = c k−1 , and c ′ = c k , then it is easy to see that τ k−1 (f ) = τ k (f ) for all f ∈ G. This implies that the image of π lies in the hyperplane {x k−1 = x k }, which contradicts the choice of τ i 's. This completes the proof of (1). For (b), we continue to use the notations used in the proof of (a). Then consider the induced action of G on the real subspace c 1 ∧· · ·∧cr ∧H 1,1 (X, R) of Hr +1,r+1 (X, R), where c 1 , · · · , cr are the non-zero classes invariant under G which are obtained in (a) above. Then c 1 ∧ · · · ∧ cr ∧K spans c 1 ∧ · · · ∧ c r ∧ H 1,1 (X, R). Moreover, by using the dual homology classes of c i 's (i = 1, 2 · · · ,r) under the natural pairing and the slant product operation (e.g., see p. 286 of [9] ), one can show that c 1 ∧ · · · ∧ cr ∧K is a strictly convex closed cone in c 1 ∧ · · · ∧ c r ∧ H 1,1 (X, R) which is invariant under G. So, if we apply Theorem 2.3 of Lie-Kolchin type to c 1 ∧ · · · ∧ cr ∧K in c 1 ∧ · · · ∧ cr ∧ H 1,1 (X, R), we obtain a non-zero class cr +1 inK such that
for some functionsτr +1 : G → R. Next, make use of the mathematical induction to obtain the rest of the non-zero classes cr +j ∈K satisfying the equation (3.1). As in Lemma 2.6, it is straightforward to show that each τr +j (j = 1, 2, · · · , n −r − 1) is a homomorphism. So we are done.
With these preliminaries, we give a definition of the homomorphism Π which will be used in Theorem 3.4. Definition 3.3. Letr denote the rank of the image of the homomorphism π. From now on until the end of this section, we assume without loss of generality that the firstr coordinates of the map π generates the image of the map π, and let us denote by τ 1 , · · · , τr suchr coordinates.
(a) Ifr ≥ n − 1, a homomorphism Π : G → R n−1 is just defined to be the homomorphism π composed by the canonical projection onto the first n − 1 factors.
(b) On the other hand, if 1 ≤r ≤ n − 2, we define a homomorphism
We then are ready to prove Theorem 3.4, which clearly gives a proof of Theorem 1.3 as a byproduct.
Theorem 3.4. Let G be a connected solvable group of automorphisms of a compact Kähler manifold X of complex dimension n, and let N (G) be the normal subgroup of G defined as in Theorem 1.3. Then the induced homomorphism Π : G/N (G) → R n−1 is injective and its image is discrete. In particular, G/N (G) is a free abelian group of rank ≤ n − 1.
Proof. In order to prove the proposition, we shall first show that Π(G/N (G)) is discrete in the additive group R n−1 with the standard topology. To do so, it suffices to show that (0)
is an isolated point in the image of Π with the induced topology from R n−1 , since the map Π is a homomorphism.
We first deal with the case ofr ≥ n − 1. To do so, let δ be an arbitrary positive real number. Then consider the set of all elements f ∈ G/N (G) satisfying the following condition:
By Theorem 2.2 of Birkhoff-Perron-Frobenius, there exist non-zero classes κ i (i = 1, 2) in the closure of the Kähler cone such that f * (κ i ) = λ i κ i with λ 1 = ρ(f ) > 1 and λ
Moreover, it follows from Lemma 3.2 (a) that there exist non-zero classes c j ∈K (j = 1, 2, · · · , n − 1) such that
where in the first equality we used the fact deg(f ) = 1. If c 1 ∧ c 2 ∧ · · · ∧ c n−1 ∧ κ i = 0 for all i = 1, 2, then we have
Thus 1 < λ 1 = λ 2 < 1, which is a contradiction. Next, we assume that c 1 ∧ c 2 ∧ · · · ∧ c n−1 ∧ κ 1 = 0 by changing the role of f −1 by f and vice versa, if necessary. If c 1 ∧ κ 1 = 0 then it follows from Corollary 3.2 of [4] that c 1 is parallel to κ 1 , and so we have
On the other hand, if c 1 ∧ κ 1 = 0, then we let l be the minimal integer 
It is also obvious that the following two identities hold:
Now, once again applying Lemma 3.1 to the equations in (3.3) with the roles of t = l − 1, c = κ 1 and c ′ = c l , we have
Thus we obtain
Since ρ(f ±1 ) is always less than or equal to ρ(f ∓ ) n−1 , we also have ρ(f −1 ) ≤ exp((n − 1)δ) by the equation (3.3) . Hence, for all f ∈ G satisfying the inequality (3.2) the absolute values of all the eigenvalues of f * | H 1,1 (X,C) are bounded by exp((n − 1)δ). Now let Ψ f (x) be the characteristic polynomial of f * on H 1,1 (X, C). Then Ψ f (x) can be assumed to be a polynomial with integer coefficients, since G can be regarded as a subgroup of GL(H 2 (X, Z)). Since the absolute values of all the eigenvalues of f * | H 1,1 (X,C) of f satisfying (3.2) are shown to be bounded by exp((n − 1)δ), the coefficients of the characteristic polynomials Ψ f (x) of all such f * 's are all bounded. This implies that there are only finitely many such characteristic polynomials and the set of all such vectors π(f ) is finite. Therefore the zero vector (0) (G/N (G) ) and so the image π(G/N (G)) is discrete.
Next assume that there is an element f of positive entropy with π(f ) = (0) n−1 i=1 ∈ R n−1 . Then it follows from the exactly same arguments as above that there exists a τ l (f ) for some 1 ≤ l ≤ n−1 such that ρ(f ) = exp(τ l (f )) > 1. But, this is obviously a contradiction. This implies that the kernel of the map π is just N (G). So the induced map π : G/N (G) → R n−1 is actually injective. For case ofr ≥ n − 1, this completes the proof that G/N (G) is free abelian of rank n − 1 and thatr = n − 1.
The proof of other case ofr ≤ n − 2 is completely similar. But this time we need to use τ 1 , · · · , τr,τr +1 , · · · ,τ n−1 instead of τ 1 , · · · , τ n−1 . We leave its detailed proof to a reader. This completes the proof of Theorem 3.4.
Note that the proof of Theorem 3.4 shows that ifr ≥ n−1, then G/N (G) is a free abelian group of rank n − 1. Conversely, if G/N (G) is a free abelian group of rank n − 1, thenr ≥ n − 1, since the map Π is injective. On the other hand, ifr ≤ n − 2, then we can just say that G/N (G) is a free abelian group of rank ≤ n − 1. As another interesting consequence of the injectivity of Π in Theorem 3.4, one can prove the following proposition which is straightforward from Proposition 4.4 of [4] . Proposition 3.5. Let G be a connected solvable subgroup of the automorphism group Aut(X) and let N (G) be the normal subgroup of null entropy, as in Theorem 1.3. Let r denote the rank of the quotient group G/N (G). Then the following properties hold:
(a) Let h k be the real dimension of the cohomology group H k,k (X, R).
Assume that r = n − 1. Then h k satisfies
In addition, if k divides n − 1 as well, then h k ≥ n−1 k + 1. Proof. It suffices to notice that the proof of Proposition 4.4 of [4] works also for solvable subgroups of automorpthisms. One of the main reasons is that there exists an induced homomorphism Π : G/N (G) → R n−1 which is injective by Theorem 3.4. To be precise, for the proof we need to use Theorem 2.2 instead of Lemma 4.1 in [4] as well as Lemma 3.1. But this does not make any significant difference in the proof, since in any case Π(G/N (G)) cannot be contained in a finite union of hyperplanes in R r . This completes the proof of Proposition 3.5.
In particular, Proposition 3.5 (b) implies that r + 1 is less than or equal to n, due to the dimensional reason of X. Therefore, r should be less than or equal to n − 1. Once again, this proves Theorem 1.3.
Proof of Theorem 1.4
The aim of this section is to give a proof of Theorem 1.4. To do so, assume that the rank r(G) of G/N (G) is equal to n − 1. Then it follows from Theorem 1.1 and the homomorphism Π constructed in Section 3 that there exist non-zero classes c 1 , · · · , c n in the closureK of the Kähler cone K such that
• f * c i = c i for all 1 ≤ i ≤ n and all f ∈ N (G).
• c 1 ∧ c 2 ∧ · · · ∧ c n = 0. Now, let c = c 1 + c 2 · · · + c n . Then clearly f * (c) = c for all f ∈ N (G). Since c 1 ∧ c 2 · · · ∧ c n = 0, it is also clear that c n = 0. It is known by a theorem of Demailly and Paun in [3] that the Kähler cone K is connected and that every class of K satisfies X c n > 0. Since c lies inK and c n = 0, it follows that c lies in the Kähler cone K and so c is a Kähler class. Now, let Aut c (X) denote the automorphism group preserving the Kähler class c. Then N (G) is a subgroup of Aut c (X). Recall that the quotient group Aut c (X)/Aut 0 (X) is a finite group by a theorem of Liberman (Proposition 2.2 in [8] ). Hence, if Aut 0 (X) is trivial, then Aut c (X) is finite. Therefore N (G) is a finite set, which completes the proof of Theorem 1.4.
